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Abstract
A simple and efficient computational modelling framework is presented for the
simulation of variably saturated flows in porous media, which is not based on a
conventional numerical solution of the Richards’ equation. The computational
domain is discretized with a regular grid and simple rules govern the flow dynamics. Each cell can have distinct hydraulic properties and its state depends
only on the state of its neighbouring cells. These concepts make easier and
computationally more efficient the simulation of large-scale variably saturated
flow in heterogeneous media. Due to its object oriented design, the presented
framework is very flexible and easily extensible and can be used for various engineering applications (e.g. prediction of rainfall-induced landslides, water and
solute transport in agricultural soils), where the simulation of variably saturated
flow is crucial. The modelling framework has been validated with experimental
results and analytical solutions for 2-D and 3-D problems available from the literature, showing very good agreement even in cases where strong non linearities
existed.
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1. Introduction
Numerical simulation of flow in the vadose zone still constitutes a challenging issue, even though numerous approaches and schemes have been presented
in the last decades. The partial differential equation describing flow in partially
saturated porous media, Richards’ equation (Richards, 1931), is highly non linear due to pressure head dependencies in the specific soil water capacity and the
relative hydraulic conductivity terms. Its mathematical behaviour changes according to the flow conditions encountered in the problem under consideration.
When capillary forces are the driving forces of the flow phenomenon the equation has a non linear parabolic character. On the other hand, in flow regimes
where the gravitational forces dominate over the capillary forces the equation
turns into an hyperbolic equation. Furthermore, once fully saturated conditions
are reached Richards’ equation transforms to its simplest form, which is a linear
elliptic equation. The most challenging issue in real-world simulations lies in the
fact that all the above aforementioned scenarios can be combined, thus rendering the choice of its appropriate numerical treatment very difficult. Richards’
equation can be written in three different mathematically equivalent forms, the
numerical treatment of which is, however, substantially different. These forms
are shown in Table 1, where C(h) =

∂θ
∂h

is the specific soil water capacity and

D(θ) is the diffusivity.
Not all the forms of the Richards’ equation are appropriate, in terms of mass
balance errors and convergence ability, for all the simulation scenarios. The
h-based form is inappropriate for highly non-linear problems (e.g. infiltration
into very dry heterogeneous soil) due to its poor mass conservation performance,
while the θ-based form cannot be used for fully saturated conditions. The mixed
h-θ-based form combines both decent mass-conservation performance and computational efficiency (Celia et al., 1990). Finite differences (Clement et al.,
1994; van Dam and Feddes, 2000), finite volumes (Manzini and Ferraris, 2004;
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McBride et al., 2006) and finite elements methods (Šimu̇nek et al., 2008; Fahs
et al., 2009) are the most widely used methods to descretize all three forms
of Richards’ equation. Most of them involve an iteration scheme (e.g. Picard,
Newton, Newton-Krylov, fast-secant and relaxation methods) in order to deal
with the non linear nature of the equation. Finite differences methods are used
in the majority of the one dimensional models, while finite volume and finite
elements methods are used in two and three dimensional models. Most of the
numerical techniques developed so far, which are based on the discretization of
the partial differential equation, lead inevitably to complex and computationally
expensive algorithms especially for large-scale problems, where the presence of
strong non linearities and complex boundary conditions are evident. In order to
circumvent these difficulties researchers used special transformations (Williams
et al., 2000), which reduce the non linearity of the initial equation, and switching methods (Sadegh Zadeh, 2011), which switch between the mixed-based form
(mass conservative but only applicable in unsaturated conditions) and the hbased (pressure-based) form (appropriate for both saturated and unsaturated
conditions). Although a lot of progress was made towards more efficient modelling, most of the algorithms are limited to computational grids of reduced
dimension and small time steps in order to prevent numerical instability.
The difficulties and the limitations posed by the aforementioned methods
led some researchers to change direction and stop considering the numerical integration of Richards equation as a corner-stone for the simulation of variably
saturated flow. Models based on Cellular Automata (CA) are one of these alternative directions that many researchers investigated. The concept of CA was
introduced by von Neumann (1966) and was extended by Wolfram (Wolfram,
1986, 1994). It is based on an inherently discrete idealization of the physical
system, whose domain is divided into cells having the same shape. Each cell
is characterized by a set of parameters describing as accurately as possible its
physical condition. These parameters constitute the state of each cell, which
is updated through a fixed update function (local transition function) by taking into account the states of the neighboring cells. The state update can be
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synchronous or asynchronous but can be done only at discrete time steps. One
of the greatest advantages of CA framework is that the modelling is performed
in an inherent parallel way because the transition function is applied simultaneously to all cells and the state of each cell depends only on the state of its
neighbouring cells. This fact can facilitate enormously the execution in parallel systems with many threads and allows the increase of spatial and temporal
domains of simulations while the computational time is still kept to acceptable
levels.
Lattice Gas Automata (LGA) and Lattice Boltzmann Methods (LBMs) are
two of the most important applications of the CA framework. LGA models
describe the flow motion by introducing a regular lattice where each cell is
connected to its neighbours. The state of each cell is purely boolean (boolean
particle number) and represents the presence or non presence of a particle within
the cell (Frisch et al., 1987). After a time step interval, each particle moves to
a neighbouring cell. When more than one particle arrive at the same cell, some
fixed collision rules, which respect the mass and momentum conservation, make
them collide and change directions. The density at a cell can be calculated by
counting the number of particles at each cell. If the particles are multiplied
with the unitary velocity before being summed, the momentum at the cell can
be obtained. The main disadvantage of LGA is that a lot of statistical noise is
introduced in the computation of density, momentum and velocity for individual
cells, and for this reason averaging over larger region should be carried out in
order to obtain reasonably noise-free results.
LBMs was developed in order to overcome the LGA limitations, namely
to remove the statistical noise by replacing the boolean particle number with
its corresponding ensemble average, the so-called density distribution function
(McNamara and Zanetti, 1988; Succi et al., 1991). LBMs have several advantages over the conventional computational fluid dynamics methods, which solve
numerically, the Navier-Stokes equations, especially in the presence of complex
boundaries, incorporating microscopic interactions and parallelization of the algorithm. In addition, both LGA and LBM converge at the limit to Navier-Stokes
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equations for incompressible fluids (Chen et al., 1992; Qian et al., 1992).
Although the application of LGA and LBM was until now primarily confined
to microscopic scale applications (Sukop and Or, 2004; Zhang et al., 2005; Chau
et al., 2005), their importance for computational fluid dynamics is indisputable.
The need for the simulation of macroscopic flow phenomena led to the use
of macroscopic CA models that deal directly with the macroscopic variables,
which describe the evolution of the physical system examined. A large number
of studies dealing with various physical problems were carried out under this
framework. Lava flows (Rongo et al., 2008), debris flows (D’ Ambrosio et al.,
2007), groundwater modelling (Ravazzani et al., 2011), snow avalanches (Barpi
et al., 2007) and river deltas formation (Seybold et al., 2009) are some examples
of the diverse problems that were tackled within this framework. However, in
most of the above applications, the transitions functions are based on parameters
that do not have a clear physical meaning and, as a consequence, calibration is
needed to assess the best parameter range.
An example of macroscopic CA model, which uses a transition function based
on physical law, is that of Mendicino et al. (2006), who modeled unsaturated
flow in soils using Darcy’s law as transition function. In this way the parameters used for the characterization of each cell have a physical meaning, thus
avoiding the necessity of introducing fictitious parameters. The main drawback
of their approach is that the time step depends directly on the spatial grid
and the hydraulic properties of the cells, obeying a specific condition for the
algorithm to be convergent. This restriction can increase the computational
burden dramatically when large scale problems are examined with unfavorable
soil hydraulic properties and boundary conditions, which is often the case in
catchment hydrology.
In this paper we present a computational framework which extends the concepts introduced in Mendicino et al. (2006) and is based on the macroscopic CA
approach for the simulation of variably saturated flow in heterogeneous soils.
An object-oriented design is followed, through which the description of the various processes is straightforward, thus allowing to create a flexible and reusable
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model structure. It can be used as the core of a more complex large-scale model
for the simulation of various phenomena by incorporating some additional components (e.g evapotranspiration, surface runoff routing, hysteresis in soil water
retention curve) with minimal effort. Possible areas of application can be found
in all engineering disciplines where the simulation of the soil water budget is
essential, and particularly for the prediction of rainfall-triggered landslides and
water and solute transport in agricultural soils.
The computational algorithm used is proved to be unconditionally stable,
which makes the selection of the time step independent of the grid size and
the cell hydraulic properties. However, the convergence of the algorithm alone
does not guarantee that the mass balance errors and the accuracy are kept in
acceptable levels, especially in cases when the strong non linearities exist (very
dry and near saturation conditions). An iteration procedure combined with an
efficient (in terms of accuracy and computational burden) convergence criterion
(Huang et al., 1996) is used to handle efficiently these cases. We use Soil Water
Retention Curves (SWRC) that follow the classical van Genuchten model (VG,
van Genuchten and Nielsen (1985), as well as some modified VG models that
improve the accuracy and convergence at the cells near saturation (Vogel et al.,
2001; Ippisch et al., 2006; Schaap and van Genuchten, 2005) and the Brooks
and Corey model (Brooks and Corey, 1964). Furthermore, the performance of
various approximations for the internodal conductivities is investigated. The
best results were achieved by a model that is based on the steady state distribution of the potential head and distinguishes between three major cases of
the shape of the head profile (Szymkiewicz, 2009). Finally, the model is tested
against 2-D infiltration and drainage experimental data in homogeneous and
heterogeneous soils and against a 3-D analytical solution for simple boundary
and initial conditions.
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2. Methods
2.1. Structure and development of the computational framework
Hydrological modelling is dominated by procedure-oriented languages, such
as FORTRAN and C. Object-Oriented Programming (OOP) opened new horizons for better description and more effective modelling of complex hydrological
phenomena. The most widely used object-oriented language is C++, although
Java and Python are also used in scientific applications. OOP can become a
very efficient tool in environmental engineering applications because it makes
easier the development of a flexible, reusable and easily extendable code.
In the development of our framework we are making use of all the OOP
features of C++. A flow chart, which shows the class structure of our model, is
presented in Figure 1. The class initializeSim contains the methods to read all
the parameters and input files that are necessary for the simulation, initializes
all the objects needed for the simulation and creates the discretized computational domain, taking into account the boundary conditions and sets up the
initial conditions of the problem. Each process we want to incorporate in our
framework is represented by a separate class: class subsurfComp computes the
subsurface flow, class surfComp computes the surface flow, while additional
classes represent other processes that could be important for the phenomenon
under study (e.g. evapotranspiration, hysteresis in soil water retention curve).
Special class hierarchies are also created to describe the different Soil Water Retention Curves (SWRC) and the different methods of averaging the inter-nodal
conductivity, the objects of which are instantiated within the class that controls
the subsurface flow. The class globalSimulation combines all the process-objects
and runs the transition function on all the cells of the computational domain.
It also controls the iteration procedure in order to obtain a user-defined level
of accuracy and also contains an adaptive time-stepping routine, which adjusts
the time step of the simulation according to the number of iterations.
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2.2. Computational procedure
According to the macroscopic CA notion the computational domain consists
of a two or three dimensional lattice, which is composed by rectangular or prismatic cells respectively. Spatial heterogeneity can be tackled effectively because
each cell can have its own constitutive hydraulic properties. At each cell we compute the pore water pressure, the field of which is assumed to be continuous but
not necessarily differentiable. The definition of variably saturated flow problem
requires the determination of initial and boundary conditions. The boundary
conditions can be of two kinds: on some parts of the boundary the hydraulic
head can be prescribed (Dirichlet’s boundary conditions), while on some other
parts a prescribed flow rate is specified (Neumann’s boundary conditions).
We assume that every cell of the lattice communicates with its neighbours
only through its faces as it is shown in Figure 2. The volumetric flow rate, Qac ,
through each face is computed using the Darcy-Buckingham’s law

Qαc = K αc

Hα − Hc
lαc


Aαc ,

(1)

where the subscript α represents the neighbouring cell that is adjacent to the
α-th face of the cell c, K αc is the averaged inter-cell conductivity [L/T ], Hα and
Hc are the total heads of the cells [L] given by the sum of the pressure head and
the elevation of the cell, lαc is the cell dimension [L] and Aαc is the area through
which the inter-cell mass flow passes [L2 ]. If the cell has some faces that are
adjacent to the domain‘s boundary and a Neumanns condition is prescribed to
that part of the boundary then Qαc = Qα
bound .
The mass balance equation must be satisfied for each cell of the lattice.
Coupling the discrete formulation of the mass balance of an arbitrary cell with
the constitutive equation (1) yields the following equation
X
α∈I


K αc

Hα − Hc
lαc


Aαc +

X
α∈I 0

Qα
bound + Sc = Vc σ(hc )

∆Hc
,
∆t

(2)

where I is the domain of the faces of the cell which are adjacent to a neighbouring
cell, I 0 is the domain of the faces which are adjacent to boundary of the entire
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domain, Sc is a source-sink term [L3 T −1 ], Vc is the cell volume [L3 ], hc is the
pressure head, which is expressed as the ratio between the capillary pressure pc
[M L−1 T −2 ] and the specific weight of liquid γw [M L−2 T −2 ], and σ(hc ) is the
specific volumetric storativity [L−1 ].
The specific volumetric storativity σ(hc ) can be defined in the whole pressure
domain as follows
σ(hc ) = Cc (hc ) + Se (hc )Ss ,

(3)

where Cc (hc ) = ∆θc /∆h is the specific soil water capacity, Se = (θ(hc ) −
θr )/(θs − θr ), θr is the residual water content and θs is the saturated water
content. Ss represents the specific volumetric storage, which is the volume of
water that a unitary volume of the saturated system releases from the storage
under a unitary decline in pressure head and depends on the compressibility of
the porous medium and on the compressibility of the fluid.
c
At the right-hand side of Equation (2) the term Cc (hc ) ∆H
∆t is highly non

linear due to the non linear nature of the specific soil water capacity. In order
to achieve better mass conservation for various sizes of spatial grids and time
steps we adopt the approach followed by Celia et al. (1990) and the right-hand
side of Equation (2) takes the following form


∆Hc
∆Hc
+ Se (hc )Ss
Vc Cc (hc )
=
∆t
∆t
 θt+∆t,m + C t+∆t,m (H t+∆t,m+1 − H t+∆t,m ) − θt
c
c
c
c
+
= Vc c
∆t
H t+∆t,m+1 − Hct 
,
+Set+1/2 Ss c
∆t
t+1/2

where m denotes the level of iteration and Se

=

(4)

Set+∆t,m +Set
.
2

Equation (2) is applied in all the cells of the lattice except those, which have
a Dirichlet boundary condition, the hydraulic head of which is fixed throughout
the simulation. In order to determine the total head Hct+∆t and the pressure
head ht+∆t
at the time t + ∆t we write Equation (2), taking into account
c
Equation (4), for the generic cell c for the time interval [t, t + ∆t] and we solve
for Hct+∆t , that is
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X


K αc

α∈I

= Vc

Hαt+∆t,m − Hct+∆t,m+1
lαc


Aαc +

X

Qα
bound + Sc =

α∈I 0

 θt+∆t,m + C t+∆t,m (H t+∆t,m+1 − H t+∆t,m ) − θt
c

c

c

c

c

∆t
+Set+1/2 Ss

H t+∆t,m+1 − H t 
c

c

∆t

X K αc Aαc
lαc

α∈I

Hαt+∆t,m +

+

⇔
X

Qα
bound

α∈I 0

⇔ Hct+∆t,m+1 = X
+
K αc Aαc
Vc t+∆t,m
t+1/2
+
(C
+ Se
Ss )
lαc
∆t c
α∈I

+

Vc
t+∆t,m t+∆t,m
Hc
∆t (Cc

X K αc Aαc
α∈I

lαc

t+1/2

− θct+∆t,m + θct + Se

Ss Hct ) + Sc

Vc t+∆t,m
(C
+ Set+1/2 Ss )
+
∆t c

,

(5)

It is proved in the Appendix that using Equation (5) the computational
scheme is convergent irrespective of the choice of the time step ∆t and the cell
size lαc . We also investigated the convergence of the algorithm numerically by
running the infiltration experiment of Vauclin et al. (1979) (see section 3.1) for
various spatial grid sizes. As it is shown in Figure 3 the proposed algorithm
converges to a solution that is very good for all grid sizes and becomes closer
to the experimental data as the spatial discretization is getting finer. Another
advantage of the above formulation is that the computation of the value of the
total head Hct+∆t,m+1 of one cell depends only on values that are known from
the previous iteration level, thus avoiding to solve a large system of equations
(which is the basic characteristic of all implicit schemes with a Picard-type
formulation) and making the scheme suitable for parallel computing.
2.3. Soil Water Retention Curves
The computation of the hydraulic head cannot be carried out unless we
specify the non-linear relation between the pressure head h and the hydraulic
conductivity K(h) and that between the water content θ(h) and the specific soil
water capacity Cc (h), which are expressed by the Soil Water Retention Curves
(SWRC). There are numerous models in the literature for the determination of
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the SWRC. The most widely used model is the van Genuchten - Mualem model
(van Genuchten and Nielsen, 1985), which is given by the following equations,

 [1 + (α|h|)n ]−m , for h < 0
Se =
 1,
for h > 0



m 2

 S b 1 − 1 − Se1/m
Ksat , for h < 0
e
K(h) =

 K ,
for h > 0,
sat

(6)

(7)

where Se = (θ−θr )/(θs −θr ), θr is the residual water content, θs is the saturated
water content and n, α, m = 1 − 1/n and b are empirical shape parameters. Although equations (6) and (7) found widespread use, several discussions appeared
in the literature concerning of their limits of validity. For instance, it was shown
(Vogel et al., 2001; Ippisch et al., 2006) that conductivities derived from the van
Genuchten - Mualem model can be quite sensitive to the shape of the SWRC
near saturation especially for n < 2 or αhe > 1 with unfavourable consequences
for the performance of numerical models. Ippisch et al. (2006) introduced an
air-entry value denoted by he in order to correct the unrealistic conductivity
terms near saturation and proposed a modified van Genuchten-Mualem model,

Se =

K(h) =




1
Sc [1

 1,

"


 S b 1−
e

+ (α|h|)n ]−m , for h < he

1−(Se Sc )1/m
1/m

1− 1−Sc

 m #2

m

Ksat , for h < he



 K ,
sat
n −m

where Sc = [1 + (α|he |) ]

(8)

for h > he

(9)

for h > he ,
is the saturation degree at the cut-off point he

in the classical van Genuchten model. For soils for which precisely measured
unsaturated hydraulic conductivity data are not available, small values for the
air-entry value he (e.g., -2 cm) are recommended by the authors.
2.4. Computation of the inter-nodal conductivity
The use of Equation (5) requires the computation of the average inter-cell
conductivity K αc . This is a non trivial subject and plays a crucial role in the
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accuracy and convergence of the computational algorithm. Since, the hydraulic
conductivity in unsaturated soils is a highly non linear function of the pressure head, the nodal conductivities can vary by several orders of magnitude.
This makes the choice of the appropriate averaging procedure a difficult and
case-dependent task. The most popular approach seems to be the standard
arithmetic mean of nodal values, although it can produce significant errors in
some flow situations (Baker, 2000; Belfort and Lehman, 2005). Various alternative methods were proposed including the geometric, upstream - weighted and
integrated means.
Inter-comparisons of these approximations can be found in the literature
(e.g Srivastava and Guzman-Guzman (1995); Belfort and Lehman (2005)) but
the conclusions cannot be generalised because the numerical experiments were
performed for a limited number of flow conditions, soil materials and grid sizes.
It should be noted that even if a simple averaging scheme is used, such as
the arithmetic mean, the error introduced can be significantly reduced by grid
refinement in the zones where large pressure gradients are expected. In this case
the problem is to know a priori the critical grid size for which the averaging
scheme leads to acceptable results.
In our model, besides the aforementioned averaging schemes, we also incorporate the approach proposed by Szymkiewicz (2009), which is more advantageous for coarser grids. This method is based on the shape of the steady
state distribution of the pressure head between the neighbouring cells and distinguishes between three major flow types: infiltration, drainage and capillary
rise. For each flow type the inter-cell average conductivity is computed using a
different averaging scheme. It is reported in the literature (Baker, 2000; Gastó
et al., 2002) that this type of analysis yields the most accurate approximation
of inter-cell conductivity.
In order to investigate the importance of the inter-nodal conductivity averaging scheme we ran the heterogeneous infiltration problem of Kirkland et al.
(1992) (see section 3.2) using five different averaging schemes, namely an arithmetic mean, geometric mean, upstream-weighted mean and two numerical in12

tegrated means, one using the Simpson’s three-point rule and one using the
Gauss-Kronrod quadrature. It is obvious from Figure 4 that the choice of the
inter-nodal conductivity averaging scheme can play a crucial role on the result
of the simulations, especially when we have to deal with sharp infiltration front
such as the one of the examined test cases.
2.5. Improving the performance and accuracy of the model
At the surface cells, especially in case of large evaporation or large precipitation on dry soil, an unrealistic hydraulic head buildup can occur. We embed
into the model a routine that prevents this situation: if the hydraulic head in
a surface cell exceeds an a-priori user-specified ponding elevation then a switch
from the constant flux boundary condition to that of a constant head occurs.
Also, if the total flux from a ponded cell into the domain exceeds the specified
surface flux by more than one percent, the boundary condition is restored to
that of a constant flux. Ponded cells are accounted for in the model flow budget
as constant head cells.
As already mentioned above, the hydraulic properties in the unsaturated
zone are highly non linear functions of the pressure head. Especially when we
have to deal with initially dry soils, very small changes in the soil water content
can result to changes of hydraulic properties by many orders of magnitude. An
iterative process combined with an adaptive time-stepping technique improves
the accuracy while keeping the algorithm efficient at the same time. The iteration process requires first, at time step t + ∆t and iteration level m + 1,
t+∆t,m

to use the hydraulic properties K αc

(ht+∆t,m
) and Cct+∆t,m (ht+∆t,m
) comc
c

puted from the previous iteration level and combining them with Equation (5)
to compute an intermediate total head Hct+∆t,inter . The total head at the iteration level m + 1, at time step t + ∆t is then computed using the following
under-relaxation technique

Hct+∆t,m+1 =

Hct+∆t,inter + Hct+∆t,m
,
2
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(10)

which improves the rate of convergence. The iteration process is continued until
a predifined convergence criterion is satisfied in terms of a user-defined level of
accuracy. The selection of an appropriate criterion is evidently important for
the quick convergence and accuracy of the model. For our model we use the
convergence criterion proposed by Huang et al. (1996), which is formulated as

Cct+∆t,m |Hct+∆t,m+1 − Hct+∆t,m | = |θct+∆t,m+1 − θct+∆t,m | ≤ θ ,

(11)

where the superscript m denote the iteration level and θ is the accuracy level.
Furthermore, the efficiency of the algorithm is increased by introducing an adaptive time-stepping technique (Thoms et al., 2006). The user inputs a minimum
and a maximum value for the time step, a maximum allowed number of iterations, a time-step multiplier and a time-step reduction factor. The time step at
one time level depends on the maximum number of iterations among the cellular
space at the previous time level. If this number is bigger than the 65% of the
user-defined maximum number of iterations then the time step is divided by the
reduction factor in anticipation of convergence difficulties in the next time step.
If it is less than 35% then the time step is multiplied by a multiplier to speed up
the simulation. If the algorithm does not converge within a given time step, the
time step is reduced by the reduction factor and the iterative computations are
restarted with the reduced time step. If the adjusted time step is bigger than
its maximum or smaller than its minimum value the time step is set accordingly
to the maximum or minimum time value.

3. Results from the application to test case studies
The presented model was applied to various test cases available from the
literature, in order to evaluate its performance. These include experimental
data, analytical solutions and numerical experiments. The first two test cases
included experimental data of infiltration and drainage in an homogeneous soil,
the second test case included numerical experiments in an heterogeneous soil
structure and the third test case consisted of a 3-D analytical solution for a
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box-shaped soil sample with simple boundary conditions and soil constitutive
properties.
We chose as indicator of the efficiency of the presented model the error in
the mass balance computation. The mass balance ratio
M BR =

∆V
Vin − Vout

(12)

was used to evaluate the precision in computing the mass conservation at each
cell (Morton and Mayers, 1994). ∆V is the volume of water stored in a cell
at time t and Vin and Vout are the volumes of water entering and outgoing of
the element. If the mass is conserved perfectly then MBR should be equal to
1. When the ingoing and outgoing volumes are very small, Equation (12) can
generate numerical overflow because of division by zero and therefore a modified
MBR was used:

M BRm =

Vt+∆t
.
Vt + Vin − Vout

(13)

where Vt+∆t and Vt are the volumes of water stored in a cell at time t + ∆t and
t respectively. The error in the mass balance computation is then given by
 = 1 − M BRm

(14)

During our simulations the error from Equation (14) was computed at each
cell and an average mass balance error is computed for each time step of the
simulation.
3.1. Variably saturated transient infiltration and drainage study.
The first test case is based on the laboratory experiments performed by Vauclin et al. (1979) and aims at evaluating the ability of the model to simulate the
transient position of the water table in a laboratory scale soil box. Experiments
were run on a slab of soil 3.0 m long, 2.0 m high and 0.05 m thick (Figure 1b,
Vauclin et al. (1979)) filled with a fine sandy soil and characterized by an initial
water table located at 0.65 m from the bottom. A constant flux of q = 3.55
m/d was applied to the left 0.50 m of the soil surface of the slab for 8 hours,
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whereas the remainder of the surface was kept covered to prevent losses due
to evaporation. The initial total head of the cells was set to 0.65 m and the
right boundary cells were kept at this initial water table position throughout
the 8-hour simulation. The grid size was assumed to be ∆x = 0.1 m, ∆y = 0.05
m (∆x and ∆y refer to the horizontal and vertical directions respectively). The
hydraulic parameters used in the simulation are summarized in Table 2. As
shown in Figure 5 the model can reproduce the observed water table dynamics
well and the average mass balance errors are kept low as it is shown in Figure
7.
The second test case refers to a laboratory experiment performed by Vauclin
et al. (1975), who examined transient drainage in a fine sandy soil through a
seepage face within a rectangular slab of soil 3.0 m long by 2.0 m high by 0.05 m
thick. This was initially kept at hydrostatic equilibrium with a head H = 1.45 m.
The experiment measured changes of moisture content and pressure head when
the constant head boundary imposed on the side of the soil slab instantaneously
dropped to H = 0.75 m. The measurements describe the changes until the
water table is in equilibrium with the boundary condition H = 0.75 m. The
right boundary above the water table was set as a seepage face. We used the
same parameters and the same domain discretization of the first test case to
simulate the first 5 hours of the experiment were simulated. The position of the
water table shown in Figure 6 shows the drop of the water table over the first 5
of the 20 hours simulated experiment and indicates that the model is capturing
extremely well over the entire range of distances the experimental data. Mass
balance errors are, as a consequence, also kept low, as it is shown in Figure 7.
For these two test cases we also conducted numerical simulations using VSFMODFLOW (Thoms et al., 2006), in order to assess the performance of our
algorithm compared to a state-of-the art numerical code in terms of accuracy
and computational efficiency. VSF-MODFLOW is an extension to the popular
3-D finite difference groundwater model MODFLOW (Harbaugh et al., 2000)
and it is based on the implicit discretization of the Richards’ equation using
the modified Picard iteration technique (Celia et al., 1990). All the model
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runs were done on a MacBook Pro with an Intel Core 2 Duo Processor at 3.06
GHz and 8 GB of RAM memory. The simulation of the infiltration experiment took 6.19 seconds and 7.57 seconds using our computational scheme and
VSF-MODFLOW respectively (18.23% faster), while the time for the drainage
experiment was 10.25 seconds and 11.87 seconds respectively (13.65% faster).
The gain in computational time is sizeable even for these very small scale studies, especially taking into account that our code is totally unoptimized, while
VSF-MODFLOW has been developed for many years. The results make us
confident that the performance gain will be even more notable with larger scale
problems, for which our approach scales almost linearly with the spatial scale of
the problem due to its explicit nature, in contrast to VSF-MODFLOW, which
solves iteratively a non-linear system. The average time step and number of
iterations for the infiltration experiment, finally, were 29.91 seconds and 9.46 iterations respectively, while for the drainage experiment 23.81 seconds and 11.48
iterations respectively. In terms of accuracy, as it is shown in Figures 5 and 6,
both models produce consistently good results.
3.2. Flow in heterogeneous soil.
In order to test the performance of our model in a case similar to the prospective application of this model we used two numerical experiments proposed by
Kirkland et al. (1992). They designed test problems to show the performance
of the algorithms in two dimensions for both very dry and variably saturated
conditions in heterogeneous soils. In particular, these tests represent a challenge
for numerical algorithms due to their strongly non linear nature. The hydraulic
parameters used in these simulations are shown in Table 3 and the grid size for
both numerical experiments is ∆x = ∆y = 0.5 cm.
The first test case is a challenging two-dimensional infiltration problem involving strictly unsaturated conditions. It consists of simulating the flow within
a region 5.0 m wide by 3.0 m deep, which is divided into nine alternating blocks
of clay and sand, as illustrated by Figure 8. A constant flux of 0.05 m/d is
applied over a 1 m width at the center of the top boundary with zero flux
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boundary conditions elsewhere. The simulation was run with initial pressure
head all over the computational domain of -500 m, to mimic a very dry initial
condition. We examined the pressure distribution after 12.5 days of constant
load and we could observe, as shown in Figure 9, that our simulation compares
very well with the reference numerical solution by Kirkland et al. (1992).
The second test problem models the development of a perched water table
surrounded by very dry unsaturated conditions. This problem aims at testing
the ability of numerical algorithms to cope both with very dry conditions and
with transition to saturated conditions. The computational domain consists of
a symmetric region of 5.0 m by 3.0 m. In order to achieve a perched water
table a 3.0 m by 1.0 m region of sand was bounded by a 1.0 m clay domain
on both sides and underneath, below which in turn a 1.0 m layer of sand was
placed (see Figure 10). The initial pressure head was also in this case -500 m
all over the computational domain to achieve a very dry soil initial condition.
Similarly to the first test problem a flux of 0.5 m/d was imposed on the sand
and we examined the pressure distribution after 1 day of constant load. The
result of the simulation, compared with the numerical solution by Kirkland et al.
(1992) in Figure 11, shows that our model is capable of reproducing very well
the reference contour pressures over the entire domain. Figure 12 confirms this
by showing how the average mass balance error is negligible for both flow test
cases.
3.3. 3-D unsaturated flow in a box-shaped soil sample.
In this test case we finally validated the ability of the algorithm to successfully simulate 3-D flow conditions. The problem consists of modelling the flow
through a very dry prismatic block of soil having dimensions a × b × L along a
cartesian reference system x, y, z, where a and b are the horizontal dimensions
and L is the vertical one. The analytical solution, which provides the pressure head distribution following the infiltration and which we use as benchmark
for our simulation, follows the solution of Richards’ equation obtained using a
method that transforms the equation into a linear partial differential equation
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(Tracy, 2006). The hydraulic functions used for the derivation of this analytical
solution are defined by the following equations
θ = θr + (θs − θr )eαh

(15)

K(h) = eαh ks

The test problem we ran to validate our simulation is the same as the run
by Tracy (2006). Water is applied to the domain specified at z = L such that
the pressure head, h, is zero at the center of the domain and decreases towards
the outer edges where it is equal to the dry soil pressure head hr . The latter
condition is also given on all of the other boundaries except for z = L, where it
is defined by the equation
h(x, y, L, t) =

1
πy 
πx
ln eαhr + (1 − eαhr ) sin
sin
,
α
a
b

(16)

where α is a parameter. The solution to compute analytically the pressure head
h at the generic position x, y, z and at time t is provided by Tracy’s equation
(46) (Tracy, 2006):
(
1
πx
πy
h(x, y, z, t) = ln eαhr + h0 sin sin eα/2(L−z)
α
a
b
"
#)
∞
sinh βz
2 X
λ
q
(−1)q sin(λq z)e−γt ,
+
sinh βL Lc q=1
γ
where c =
λq =

qπ
L ,

α(θs −θr )
,
ks

γ =

1
2
c (β

+ λ2q ), β =

q

α2
4

+


2
π 2
+ πb ,
a

(17)

h0 = 1 − eαhr ,

ks is the saturated hydraulic conductivity, α is an empirical parameter

and θs and θr are respectively the saturated and the residual soil moisture.
The model domain that is selected for the needs of this validation test is a
homogeneous soil cube of size a = b = L = 10 m, which is divided in a uniform
grid of ∆x = ∆y = ∆z = 0.25 m. Consistently with the test problem simulated
by Tracy, the soil parameters used are: θs = 0.45, θr = 0.15, ks = 10−5 m/s and
hr = −10 m. The value of parameter α is crucial because it affects the shape
of the soil water retention curve and thus the non-linearity of the problem, in
turn causing difficulties in the convergence of the algorithm and a growth of the
computational error. We ran our simulations for three different values of the
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parameter α, i.e. 0.164 1/m, 0.328 1/m and 0.492 1/m , which were also used
by Tracy (2006).
During each time step of the simulation the pressure head and its deviation
from the analytical solution were computed at every cell of the domain. Figure
13 shows the distribution of pressure head versus depth plotted for three different
points of the domain and for different values of the paramerer α. Figure 14 shows
the distribution of the maximum percentage error during the simulations. The
mode of the distribution of the maximum percentage error is always lower than
0.5%, thus showing that even if the computational error increases with increasing
α, the agreement of our simulated values with Tracy’s analytical solution is very
good. This result is further demonstrated in Figure 15, where the distribution
of the average mass balance error is shown to peak around values between 10−6
and 10−8 depending on the value of the parameter α. Figure 16 shows, finally,
the plot of the average mean error and the root mean square error (RMSE) of
the pressure head for the computational domain and for all the simulation time.
Deviations from the analytical solution start developing at the beginning of the
simulation when the soil conditions are very dry and strong non-linearities exist.
The deviations keep growing during the transient phace of the simulation and
they tend to stabilize as we reach the steady-state phace of the simulation.

4. Summary, conclusions and future perspectives
The use of the cellular automata framework is widespread in various disciplines for the modelling of complex system procedures. In this paper, it is
used for the development of a reduced complexity model for the simulation of
variably saturated flow in soils. The inherent CA concept simplicity and its
natural parallelism make it a very efficient tool for the simulation of large scale
phenomena.
It is shown in the Appendix A of Mendicino et al. (2006) that the derivation of the proposed computational scheme is a special case of a more general
direct discrete formulation of the unsaturated flow problem. Following this
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approach the discrete-to-continuum-to-discrete paradox (Toffoli, 1984; Tonti,
2001) is avoided and the problem is described in a more straight-forward way.
When a rectangular spatial grid discretization is used, this formulation is similar
to finite differences (FD) or finite volumes method schemes (FVM). But if an
irregular grid is used there is a potential for modelling flow problems using a
simple FD-like computational kernel based on a cell assembly similar to Finite
Elements Method (FEM) analysis. This approach, combined with a parabolic
interpolation function for each cell, is reported to have a higher order of convergence compared to the one obtained with the FEM using the same interpolation
function (Tonti, 2001). The most notable advantage of this approach is its massive parallel nature which leads to a computational cost of the method that is
linear with respect to the number of the cells, thus making it very attractive for
parallel computing.
In the present days, due to the considerable hardware advancements even
at the level of desktop computers, parallel computing becoming an increasingly
available resource, which does not require necessarily only expensive clusters.
Most of the consumer desktop computers have quad-core or even six-core processors and powerful multi-core graphics cards, thus making the design and
execution of parallel code easier than ever before. We are currently planning
the development of parallel versions of our computational framework utilizing the OpenMPTM 1 and CUDATM 2 prototypes, to prepare the application
to the simulation of complex slope stability problems at the catchment scale.
OpenMPTM follows the shared memory architecture and with minimal changes
it can turn a sequential algorithm into a parallel one, which can take advantage of the multi-core processor personal computers. CUDATM prototype is
used to execute an algorithm over the numerous streaming multiprocessors of
1 OpenMP

is a multi-platform, shared-memory Application Program Interface (API), which

gives programmers a simple and flexible interface for developing parallel applications for platforms ranging from the desktop to the supercomputer.
2 CUDA is NVIDIA’s parallel computing architecture. It enables dramatic increases in
computing performance by harnessing the power of the GPU.
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an NVIDIATM graphics card. Depending on the used graphic card, the gain in
performance can be substantial.
The robustness and the efficiency of the proposed model, demonstrated
through simple but challenging simulations of several test case studies, suggest that the CA framework jointly with appropriate software and hardware
technology can lead to significant progress in modelling physically consistent
formulations of complex hydrological problems. The proposed model can be
easily incorporated into a more general catchment scale distributed hydrological model for the simulation of the water balance or in other types of models,
which need to simulate the dynamics of water pressure heads and of soil saturation, such as the simulation of rainfall triggered landslides and of solute and
contaminant transport in agricultural soils, to name a few of particular interest.
In all these cases the complexity of the required models poses a serious constraint to their predictive use, especially in the real time context. The increased
efficiency due to a reduced computation time, jointly with the easy parallelisation of the code, can be an important asset to improve the reliability of the
prediction of complex natural hazard phenomena.
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Appendix: Convergence analysis of the proposed method
The most basic property of a numerical scheme, in order to be successful, is
that its solutions approximate the exact solution and that the approximation
improves as the computational grid spacings tend to zero. Hence, a numerical
scheme is convergent at point (x, y, z, t) if the numerical solution Ĥ(x, y, z, t)
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converges to the exact solution H(x, y, z, t) as (i · ∆x, j · ∆y, k · ∆z, t · ∆t) tends
to (x, y, z, t) while ∆x, ∆y, ∆z, ∆t → 0. Introducing the error  as

t
t
ti,j,k = Hi,j,k
− Ĥi,j,k

(A.1)

that is the difference between the exact solution H and the discrete solution Ĥ
at the grid point (i, j, k, t).
t
t
The approximate solution can be written as Ĥi,j,k
= Hi,j,k
− ti,j,k according

to Equation (A.1). Substituting this expression in Equation (2) and considering
a uniform grid (∆x = ∆y = ∆z = l, Aca = l2 , Vc = l3 ) we get the following
relationship for the introduced error term for the generic point (i, j, k, t + ∆t)

1 t
∆t

+ t
·
1 + Γ i,j,k σi,j,k
l2 (1 + Γ)
 t
t
t
·
K i−1,j,k ti−1,j,k + K i+1,j,k ti+1,j,k + K i,j−1,k ti,j−1,k

t
t
t
+ K i,j+1,k ti,j+1,k + K i,j,k−1 ti,j,k−1 + K i,j,k+1 ti,j,k+1

t+∆t
i,j,k

=

−

t

where K sum
Γ =

1
Sc + L(H, K)
t
σi,j,k
l3 (1 + Γ)

(A.2)
 t

t
t
t
t
t
= K i−1,j,k + K i+1,j,k + K i,j−1,k + K i,j+1,k + K i,j,k−1 + K i,j,k+1 ,

t
∆t
K sum ,
t
σi,j,k
l2

t
σi,j,k
= σ(hc ), hc is the pressure head and L(H, K) is a

function of the permeability and the exact solution

L(H, K)

t+∆t
= Hi,j,k
−



1
∆t
t
Hi,j,k
− t
·
1+Γ
σi,j,k l2 (1 + Γ)

t

t

t

t
t
t
K i−1,j,k Hi−1,j,k
+ K i+1,j,k Hi+1,j,k
+ K i,j−1,k Hi,j−1,k

t
t
t
t
t
t
+ K i,j+1,k Hi,j+1,k
+ K i,j,k−1 Hi,j,k−1
+ K i,j,k+1 Hi,j,k+1

·

(A.3)
To keep things simple we will not consider the source term Sc . Let M be the
maximum modulus of L(H, K) for all (i, j, k, t) ( |L(H, K)| ≤ M ). Equation
(A.2) can be rewritten as
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|et+∆t
i,j,k | ≤

βi−1,j,k t
βi,j,k+1 t
1
|et | +
|e
| + ··· +
|e
|+M
1 + Γ i,j,k
1 + Γ i−1,j,k
1 + Γ i,j,k+1
(A.4)

where βi−1,j,k =

t
∆t
K i−1,j,k
t
l2
σi,j,k

, ... , βi,j,k+1 =

In the above equation it holds 0 ≤

1
1+Γ

t
∆t
K i,j,k+1 .
t
l2
σi,j,k

≤ 1 and for the coefficients of the
t

t

errors at the neighbouring cells we have: βi−1,j,k < Γ because K i−1,j,k < K sum
and

βi−1,j,k
1+Γ

<

βi−1,j,k
Γ

< 1 so that the previous inequality takes the following

form:
t
t
t
|t+∆t
i,j,k | ≤ |i,j,k | + |i−1,j,k | + · · · + |i,j,k+1 | + M

(A.5)

t
t+∆t
Let’s denote Emax
= max |ti,j,k | and Emax
= max |t+∆t
i,j,k |. The previous int
t+∆t
equality holds for all values of |t+∆t
i,j,k | and |i,j,k | so it holds also for Emax and
t
. Working by induction, the previous equation can be written as
Emax

t+∆t
t
t−∆t
t−∆t
Emax
≤ 6 · Esum
+ M ≤ 6 · (6 · Esum
+ M ) + M = 62 · Esum
+ (6 + 1)M, (A.6)

etc., from which it follows that

t+∆t
0
Emax
≤ 6n · Emax
+ (1 + 6 + · · · + 6n ) · M = (1 + 6 + · · · + 6n ) · M

(A.7)

0
= 0 because the initial values for Ĥ and H are the same. Rearwhere Emax

ranging Equation (A.3)

L(H, K)

=
·
+
−

"
t+∆t
t
Hi,j,k
− Hi,j,k
∆t
Acα
t
σ
V
−
·
c
t
σi,j,k
l2 (1 + Γ) i,j,k
∆t
lcα
 t
t
t
t
t
t
K i−1,j,k Hi1,j,k
+ K i+1,j,k Hi+1,j,k
+ K i,j−1,k Hi,j−1,k
t

t

t

t
t
t
K i,j+1,k Hi,j+1,k
+ K i,j,k−1 Hi,j,k−1
+ K i,j,k+1 Hi,j,k+1
#

t
t+∆t
K sum Hi,j,k

(A.8)
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it can be observed that as ∆x, ∆y, ∆z, ∆t → 0 the term in brackets tends
to the differential form of the mass balance equation for the generic cell of
the computational grid. Hence L(H, K) → 0 ⇔ M → 0 and from Equation
t+∆t
t+∆t
(A.7) |t+∆t
i,j,k | ≤ Emax ≤ 0 ⇔ |i,j,k | = 0 when ∆x, ∆y, ∆z, ∆t → 0, which

proves that the numerical solution Ĥ converges to the exact solution H and the
time-step ∆t which is chosen for the simulation is independent of the cell size
∆x, ∆y, ∆z and the cell’s hydraulic properties.
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class initializeSim

class recharge_problem
class drainage_problem
class heterogeneous
class 3D_Analytical
etc...

class subSurfComp

class globalSimulation
subsurfComp object
surfComp object
evapotranspiration object
hysteresis object
etc.
...
void globalComputation() { ... }

class surfComp

class evapotraspiration

class hysteresis

soilProperties object
averschemes object
void cellComputation() { ... }

class soilProperties
virtual float SWRC()
virtual float Conduct()
virtual float Retcap()

class averSchemes
virtual float average()

class VG
class mVG_Vogel
class mVG_Ippisch
class mVG_Schaap
class Brooks

class mean
class geomMean
class harmMean
class integrMeanAver
class szymkiewicz

Figure 1: Flowchart of the computational framework
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Figure 2: Neighborhood of a generic cell for a CA framework
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Figure 3: Convergence analysis of the algorithm for the infiltration experiment of Vauclin
et al. (1979) using three different spatial grids

34

0
0.5

Depth (m)

1
1.5
Arithmetic Mean
Geometric Mean
Upstream−Weighted Mean
Integrated Mean (Simpson)
Integrated Mean (Gauss)
Kirkland et al. (1992)

2
2.5
3
0

1

2
3
Distance (m)

4

5

Figure 4: Comparison of different inter-nodal conductivity averaging schemes for the heterogeneous infiltration numerical experiment of Kirkland et al. (1992)
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Figure 5: Simulated vs observed water table rise for the two dimensional variably saturated
transient infiltration test case by Vauclin et al. (1979)

36

2

1.5

Initial water table

Elevation (m)

t = 0.1 hrs
t = 0.5 hrs
t = 1 hrs
t = 2 hrs

1

t = 5 hrs

0.5

0
0

Simulation results
Experimental data
VSF−MODFLOW

0.5

1

1.5
Distance (m)

2

2.5

3

Figure 6: Simulated vs observed water table decline for the two dimensional variably saturated
transient drainage test case by Vauclin et al. (1975).
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Empirical Probability Distribution

0.6
infiltration problem
drainage problem

0.5
0.4
0.3
0.2
0.1
0 −7
10

−6

10

−5

−4

−3

10
10
10
Average Mass Balance Error

−2

10

Figure 7: Empirical probability distribution of the average mass balance error for the infiltration (Vauclin et al., 1979) and drainage (Vauclin et al., 1975) test cases.
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Figure 8: Domain layout for the simulation of the first test case of flow in heterogeneous soil
by Kirkland et al. (1992).
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Figure 9: Comparison of model simulation with the reference numerical solution by Kirkland
et al. (1992) for the first of the test cases of flow in heterogeneous soils. The simulated contour
pressure [m] are shown after 12.5 days of constant load.
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Figure 10: Domain layout for the simulation of the second test case of flow in heterogeneous
soil (perched water table) by Kirkland et al. (1992).
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Figure 11: Comparison of model simulation with the reference numerical solution by Kirkland
et al. (1992) for the second of the test cases of flow in heterogeneous soils. The simulated
contour pressure [m] are shown after 1 day of constant load.
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Figure 12: Empirical probability distribution of the average mass balance error for the two
heterogeneous soil flow test cases by Kirkland et al. (1992).
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Figure 13: 3D unsaturated flow test case. Distribution of the pressure head versus depth at
1 and 4 h experiment advancement time, for different profiles and for different values of α.
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Figure 14: 3D unsaturated flow test case. Empirical probability distribution of the maximum
pressure head error for different values of α.
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Figure 15: 3D unsaturated flow test case. Empirical probability distribution of the average
mass balance error for different values of α.
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Figure 16: 3D unsaturated flow test case. Evolution of mean average error and root mean
square error with time for different values of α.
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∂K(h)
∂z
∂K(θ)
∂z
∂K(h)
∂z

C(h) ∂h
∂t = ∇[K(h)∇h] +

h(pressure) - based form:
θ(saturation) - based form:
The mixed h − θ - based form:

∂θ
∂t
∂θ
∂t

= ∇[D(θ)∇θ] +
= ∇[K(h)∇h] +

Table 1: Forms of the Richards’ equation that are used as a basis in numerical algorithms
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Ksat (m/d)
θs
θr
α (m−1 )
n

Infiltration Experiment
8.4
0.3
0.033
3.3
4.1

Drainage Experiment
9.6
0.3
0.0
2.98
3.49

Table 2: Soil hydraulic parameters for the simulation of the infiltration and drainage experiment by Vauclin et al. (1975, 1979)
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Ksat (m/d)
θs
θr
α (m−1 )
n

Berino loamy fine sand
5.41
0.3658
0.0286
2.8
2.239

Glendale clay loam
0.131
0.4686
0.1060
1.04
1.3954

Table 3: Soil hydraulic parameters for simulation of the heterogeneous soil flow test problems
by Kirkland et al. (1992)
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